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ON THE CYCLE INDEX AND THE WEIGHT
ENUMERATOR II
HIMADRI SHEKHAR CHAKRABORTY*, TSUYOSHI MIEZAKI,
AND MANABU OURA
Abstract. In the previous paper, the second and third named
author introduced the concept of the complete cycle index and dis-
cussed a relation with the complete weight enumerator in coding
theory. In the present paper, we introduce the concept of the com-
plete joint cycle index and the average complete joint cycle index,
and discuss a relation with the complete joint weight enumerator
and the average complete joint weight enumerator respectively in
coding theory. Moreover, the notion of the average intersection
numbers is given, and we discuss a relation with the average inter-
section numbers in coding theory.
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1. Introduction
This paper is a sequel to the previous paper [6]. In [6], the first
and second named authors defined the complete cycle index and gave a
relationship between the complete cycle index and the complete weight
enumerator. This was motivated by [2, 3], which gave a relationship
between the cycle index and the weight enumerator.
To state our results, we review [6]. Let G be a permutation group
on a set Ω, where |Ω| = n. For each element h ∈ G, we can decompose
the permutation h into a product of disjoint cycles; let c(h, i) be the
number of i-cycles occurring by the action of h. Now the complete
cycle index of G is the polynomial Z(G; s(h, i) : h ∈ G, i ∈ N) in
indeterminates {s(h, i) | h ∈ G, i ∈ N} given by
Z(G; s(h, i) : h ∈ G, i ∈ N) =
∑
h∈G
∏
i∈N
s(h, i)c(h,i),
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where N := {x ∈ Z | x > 0}.
Let Fq be the finite field of order q, where q is a prime power. An Fq-
linear code C is a vector subspace of F nq . Then the complete weight
enumerator of genus g for a Fq-linear code C is defined as:
w
(g)
C (xa : a ∈ F
g
q) =
∑
v1,...,vg∈C
∏
a∈Fgq
xna(v1,...,vg)a ,
where na(v1, . . . ,vg) denotes the number of i such that a = (v1i, . . . , vgi).
Definition 1.1. We construct from Cg := C × · · · × C︸ ︷︷ ︸
g
a permutation
group G(Cg). The group we construct is the additive group of Cg. We
denote an element of Cg by
c˜ := (c1, . . . , cn) :=


a11 . . . a1n
a21 . . . a2n
... · · ·
...
ag1 . . . agn

 ,
where ci :=
t(a1i, . . . , agi) ∈ F
g
q . We denote by µj(c˜) the j-th row of c˜,
and µj(c˜) := (aj1, . . . , ajn) ∈ C. We let it act on the set {1, . . . , n}×F
g
q
in the following way: (c1, . . . , cn) acts as the permutation
i,


x1
x2
...
xg



 7→

i,


x1 + a1i
x2 + a2i
...
xg + agi




of the set {1, . . . , n} × Fgq . We call the complete cycle index
Z(G(Cg), s(h, i) : h ∈ Cg, i ∈ N)
the complete cycle index of genus g for a code C.
Theorem 1.1 ([6, Theorem 2.1]). Let C be a linear code over Fq of
length n, where q is a power of the prime number p. Let w
(g)
C (xa : a ∈
F
g
q) be the complete weight enumerator of genus g and Z(G(C
g); s(h, i) :
h ∈ Cg, i ∈ N) be the complete cycle index of genus g.
Let T be a map defined as follows: for each h = (c1, . . . , cn) ∈ C
g
and i ∈ {1, . . . , n}, if ci = 0, then
s(h, 1) 7→ x1/q
g
ci
;
if ci 6= 0, then
s(h, p) 7→ xp/q
g
ci
.
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Then we have
w
(g)
C (xa : a ∈ F
g
q) = T (Z(G(C
g); s(h, i) : h ∈ Cg, i ∈ N)).
The notion of the joint weight enumerator of two Fq-linear codes
was introduced in [5]. Further, the notion of the g-fold complete joint
weight enumerator of g linear codes over Fq was given in [7].
Definition 1.2 ([7]). Let C and D be two linear codes of length n over
Fq. The complete joint weight enumerator of codes C and D is defined
as follows:
JC,D(xa : a ∈ F
2
q) :=
∑
u∈C,v∈D
∏
a∈F2q
xna(u,v)a ,
where na(u,v) denotes the number of i such that a = (ui, vi).
The definition above gives rise to a natural question: is there a com-
plete joint cycle index that relates the complete joint weight enumerator
JC,D(xa : a ∈ F
2
q)? The aim of the present paper is to provide a can-
didate that answers this question. We now present the concept of the
complete joint cycle index.
Definition 1.3. Let G and H be two permutation groups on a set Ω,
where |Ω| = n. Again let GG,H := G × H be the direct product of G
and H . For each element (g, h) ∈ GG,H , where g ∈ G and h ∈ H , we
can decompose each permutation of the pair (g, h) into a product of
disjoint cycles. Let c(gh, i) be the number of i-cycles occurring by the
action of gh, where gh denotes the product of permutations g and h
which acts on Ω as (gh)(α) = h(g(α)) for any α ∈ Ω. Now the complete
joint cycle index of G and H is the polynomial
ZG,H(s((g, h), i)) := Z(GG,H ; s((g, h), i) : (g, h) ∈ GG,H , i ∈ N)
in indeterminates s((g, h), i), where (g, h) ∈ GG,H and i ∈ N, given by
ZG,H(s((g, h), i)) :=
∑
(g,h)∈GG,H
∏
i∈N
s((g, h), i)c(gh,i).
The concept of the complete joint cycle index is used in Theorem 2.1.
Theorem 2.1 gives a relation between complete joint cycle index and
complete joint weight enumerator. This generalizes the earlier work
Theorem 1.1. Further, we give the notion of the r-fold complete joint
cycle index and the (ℓ, r)-fold complete joint weight enumerator. In
this paper we also give a link between the r-fold complete joint cycle
index and the (ℓ, r)-fold complete joint weight enumerator. The link
is the main result of our paper giving a generalization of Theorem 2.1.
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This result presents us a new application of constructing the average r-
fold complete joint cycle index and a motivation to establish a relation
with the average (ℓ, r)-fold complete joint weight enumerator analogue
to the main result. The diagrams in the following remarks may describe
a concrete idea of our paper.
Remark 1.1.
r-fold complete joint cycle index for
ℓ-fold joint codes
(Definition 4.1)
Complete joint cycle in-
dex for codes
(Definition 2.1)
(ℓ, r)-fold complete joint weight
enumerator (Definition 3.1)
Complete joint weight enu-
merator (Definition 1.2)
r=2,ℓ=1
Theorem 4.1 Theorem 2.1
r=2,ℓ=1
Remark 1.2.
Average r-fold complete joint cycle
index for ℓ-fold joint codes
(Definition 5.3)
Average r-fold complete
joint cycle index for
codes (Definition 5.2)
Average (ℓ, r)-fold complete joint
weight enumerator (Definition 5.3)
Average r-fold complete
joint weight enumerator
(Definition 5.2)
ℓ=1
Theorem 5.2 Theorem 5.1
ℓ=1
This paper is organized as follows. In Section 2, we give a relation
between the complete joint cycle index and the complete joint weight
enumerator (Theorem 2.1). In Section 3, we introduce the notion of the
(ℓ, r)-fold complete joint weight enumerators of ℓ-fold joint codes. We
also give the MacWilliams type identity (Theorem 3.2) for the (ℓ, r)-
fold complete joint weight enumerators. In Section 4, we generalize the
notion of the complete joint cycle index to the r-fold complete joint cy-
cle index and also give the main result (Theorem 4.1) of this paper. In
Section 5, we give the concept of the average complete joint cycle index
and obtain a relation with the average complete joint weight enumera-
tor of codes (Theorem 5.1) and present a generalization (Theorem 5.2)
of the relation. In Section 5, we also give the notion of the average
intersection number of two permutation groups (Definition 5.4), and
obtain a relation with the average intersection numbers in coding the-
ory (Theorem 5.3). In Section 6, we give a Zk-linear code analogue of
the main result (Theorem 6.3).
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2. The Relation
In this section, from any two Fq-linear codes, we construct two per-
mutation groups, whose complete joint cycle index is essentially the
complete joint weight enumerator of codes.
Definition 2.1. Let C and D be two linear codes of length n over Fq.
We construct from C and D two permutation groups G(C) and H(D)
respectively. The groups G(C) and H(D) are the additive group of C
and D respectively. We let each group act on the set {1, . . . , n}×Fq in
the following way: the codeword (u1, . . . , un) acts as the permutation
(i, x) 7→ (i, x+ ui)
of the set {1, . . . , n} × Fq. We define the product of two permutations
(u1, . . . , un) ∈ C and (v1, . . . , vn) ∈ D as follows:
(i, x) 7→ (i, x+ ui + vi)
of a set {1, . . . , n} × Fq. Let GC,D := G(C) × H(D). We call the
complete joint cycle index
ZC,D(s((g, h), i)) := Z(GC,D; s((g, h), i) : (g, h) ∈ GC,D, i ∈ N)
the complete joint cycle index for codes C and D.
Example 2.1. Let
C :=
{(
0
0
)
,
(
0
1
)
,
(
1
0
)
,
(
1
1
)}
, D :=
{(
0
0
)
,
(
1
1
)}
Then the complete joint weight enumerator is
x200 + x
2
01 + x00x10 + x01x11 + x10x00 + x11x01 + x
2
10 + x
2
11.
Let G(C) and H(D) are the permutation groups on {1, 2}×F2. In the
following calculation, for g ∈ G(C) and h ∈ H(D), we prefer to write
the indeterminates s((g, h), i) as
s
((
g
h
)
, i
)
.
Then the joint cycle index is
s
((
0 0
0 0
)
, 1
)2
s
((
0 0
0 0
)
, 1
)2
+ s
((
0 0
1 1
)
, 2
)1
s
((
0 0
1 1
)
, 2
)1
+s
((
0 1
0 0
)
, 1
)2
s
((
0 1
0 0
)
, 2
)1
+ s
((
0 1
1 1
)
, 2
)1
s
((
0 1
1 1
)
, 1
)2
+s
((
1 0
0 0
)
, 2
)1
s
((
1 0
0 0
)
, 1
)2
+ s
((
1 0
1 1
)
, 1
)2
s
((
1 0
1 1
)
, 2
)1
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+s
((
1 1
0 0
)
, 2
)1
s
((
1 1
0 0
)
, 1
)2
+ s
((
1 1
1 1
)
, 1
)2
s
((
1 1
1 1
)
, 1
)2
.
Now we have the following result.
Theorem 2.1. Let C and D be two codes over Fq of length n, where q
is a power of the prime number p. Let JC,D(xa : a ∈ F
2
q) be the complete
joint weight enumerator and Z(GC,D; s((g, h), i) : (g, h) ∈ GC,D, i ∈ N)
be the complete joint cycle index.
Let T be a map defined as follows: for each g = (u1, . . . , un) ∈ C
and h = (v1, . . . , vn) ∈ D, and for i ∈ {1, . . . , n},
if ui + vi = 0, then
s((g, h), 1) 7→ x1/quivi ;
if ui + vi 6= 0, then
s((g, h), p) 7→ xp/quivi .
Then we have
JC,D(xa : a ∈ F
2
q) = T (Z(GC,D; s((g, h), i) : (g, h) ∈ GC,D, i ∈ N)).
Proof. Let g = (u1, . . . , un) ∈ C and h = (v1, . . . , vn) ∈ D. Again let
wt(g, h) = ♯{i | ui + vi 6= 0}.
If ui + vi = 0, then the q points of the form (i, x) ∈ {1, . . . , n} × Fq
are all fixed by these elements; if ui + vi 6= 0, they are permuted in q/p
cycles of length p, each of the form
(i, x) 7→ (i, x+ui+vi) 7→ (i, x+2ui+2vi) 7→ · · · 7→ (i, x+pui+pvi) = (i, x),
the last equation holding because Fq is of characteristic p. Thus, g =
(u1, . . . , un) ∈ C and h = (v1, . . . , vn) ∈ D contribute
s((g, h), 1)q(n−wt(g,h))s((g, h), p)(q/p)wt(g,h)
to the sum in the formula for the complete joint cycle index, and
n∏
i=1
xuivi
to the sum in the formula for the complete joint weight enumerator.
The result follows. 
3. (ℓ, r)-fold Complete Joint Weight Enumerators
In this section, we give the concept of the (ℓ, r)-fold complete joint
weight enumerator over Fq. We also provide the MacWillams identity
for the (ℓ, r)-fold complete joint weight enumerators.
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Definition 3.1. We denote, Πℓ := C1 × · · · × Cℓ, where C1, . . . , Cℓ be
the linear codes of length n over Fq. We call Π
ℓ as ℓ-fold joint code of
C1, . . . , Cℓ. We denote an element of Π
ℓ by
c˜ := (c1, . . . , cn) :=


a11 . . . a1n
a21 . . . a2n
... · · ·
...
aℓ1 . . . aℓn

 ,
where ci :=
t(a1i, . . . , aℓi) ∈ F
ℓ
q and µj(c˜) := (aj1, . . . , ajn) ∈ Cj .
Now let Πℓ1, . . . ,Π
ℓ
r be the ℓ-fold joint codes (not necessarily the
same) over Fq. For k ∈ {1, . . . , r}, we denote, Π
ℓ
k := Ck1 × · · · × Ckℓ,
where Ck1, . . . , Ckℓ be the linear codes of length n over Fq. An element
of Πℓk is denoted by
c˜k := (ck1, . . . , ckn) :=


a
(k)
11 . . . a
(k)
1n
a
(k)
21 . . . a
(k)
2n
... · · ·
...
a
(k)
ℓ1 . . . a
(k)
ℓn

 ,
where cki :=
t(a
(k)
1i , . . . , a
(k)
ℓi ) ∈ F
ℓ
q. and µj(c˜k) := (a
(k)
j1 , . . . , a
(k)
jn ) ∈ Ckj.
Then the (ℓ, r)-fold complete joint weight enumerator of Πℓ1, . . . ,Π
ℓ
r is
defined as follows:
JΠℓ1,...,Πℓr(xa : a ∈ F
ℓ×r
q ) :=
∑
c˜1∈Πℓ1,...,c˜r∈Π
ℓ
r
∏
xna(c˜1,...,c˜r)a ,
where na(c˜1, . . . , c˜r) denotes the number of i such that a = (c1i, . . . , cri).
For r = 2 and ℓ = 1 the complete (ℓ, r)-fold joint weight enumerator
coincide with complete joint weight enumerator (Definition 1.2).
We have the MacWilliams identity for the complete weight enumer-
ator of a code C over Fq from [5]. Before giving the MacWilliams
identity, we define the inner product of two vectors u,v ∈ Fnq as
u · v := u1v1 + u2v2 + · · ·+ unvn,
where u = (u1, u2, . . . , un) and v = (v1, v2, . . . , vn).
Theorem 3.1 ([5]). Let C be a linear code of length n over Fq, and
CC(xa : a ∈ Fq) be the complete weight enumerator of C. Again let χ be
a homomorphism from the additive group Fq to the multiplicative group
of non-zero complex numbers. Then we have
CC⊥(xa with a ∈ Fq) =
1
|C|
T · CC(xa),
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where T = (χ(ab))a,b∈Fq .
For an ℓ-fold joint code Πℓ over Fq, let Π
ℓ⊥ := C⊥1 × · · · × C
⊥
ℓ and
|Πℓ| := |C1| × · · · × |Cℓ|. We again let Πˆ
ℓ be either Πℓ or Πℓ
⊥
. Then
we define
δ(Πℓ, Πˆℓ) :=
{
0 if Πˆℓ = Πℓ,
1 if Πˆℓ = Πℓ
⊥
.
Theorem 3.2. The MacWilliams identity for the (ℓ, r)-fold complete
joint weight enumerator of ℓ-fold joint codes Πℓ1, . . . ,Π
ℓ
r over Fq is given
by
JΠˆℓ1,...,Πˆℓr
(xa with a ∈ F
ℓ×r
q ) =
1
|Πℓ1|
δ(Πℓ1,Πˆ
ℓ
1) · · · |Πℓr|
δ(Πℓr ,Πˆ
ℓ
r)(
T δ(Π
ℓ
1,Πˆ
ℓ
1)
)⊗ℓ
⊗ · · · ⊗
(
T δ(Π
ℓ
r ,Πˆ
ℓ
r)
)⊗ℓ
JΠℓ1,...,Πℓr(xa).
Proof. It is sufficient to show
|Πℓk|JΠℓ1,...,Πℓk−1,Πℓk
⊥
,Πℓ
k+1...Π
ℓ
r
(xa with a ∈ F
ℓ×r
q ) =
(I⊗ℓ ⊗ · · · ⊗ I⊗ℓ ⊗ T⊗ℓ
k-th
⊗ I⊗ℓ ⊗ · · · ⊗ I⊗ℓ)JΠℓ1,...,Πℓk,...,Πℓr(xa),
that is, Πˆℓk = Π
ℓ
k
⊥
, and for j 6= k, Πˆℓj = Π
ℓ
j , and I be the identity
matrix. Let δ
Πℓ
⊥(v) := δC⊥1 (µ1(v)), . . . , δC⊥ℓ (µℓ(v)), where v ∈ F
ℓ×n
q .
Let
δC⊥j (µj(v)) :=
{
1 if µj(v) ∈ C
⊥
j ,
0 otherwise.
Then we have the the following identity
δC⊥j (µj(v)) =
1
|Cj|
∑
uj∈Cj
χ(uj · µj(v)).
Hence we can write
δΠℓ⊥(v) =
1
|Πℓ|
∑
c˜∈Πℓ
χ(〈c˜,v〉),
where 〈c˜,v〉 :=
∑n
i=1 µi(c˜) · µi(v). Now
LHS = |Πℓk|JΠℓ1,...,Πℓk−1,Πℓk
⊥
,Πℓ
k+1,...,Π
ℓ
r
(xa with a ∈ F
ℓ×r
q )
= |Πℓk|
∑
c˜1∈Πℓ1,...,c˜k−1∈Π
ℓ
k−1,c˜k+1∈Π
ℓ
k+1,...,c˜r∈Π
ℓ
r
∑
d˜k∈Π
ℓ
k
⊥
∏
a∈Fℓ×rq
xna(c˜1,...,d˜k,...,c˜r)a
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= |Πℓk|
∑
c˜1,...,c˜k−1,c˜k+1,...,c˜r
∑
v∈Fℓ×nq
δ
Πℓ
k
⊥(v)
∏
a∈Fℓ×rq
xna(c˜1,...,c˜k−1,v,c˜k+1,...,c˜r)a
=
∑
c˜1,...,c˜k−1,c˜k+1,...,c˜r
∑
v∈Fℓ×nq
∑
c˜k∈Π
ℓ
k
χ(〈c˜k,v〉)
∏
a∈Fℓ×rq
xna(c˜1,...,c˜k−1,v,c˜k+1,...,c˜r)a
=
∑
c˜1,...,c˜k−1,c˜k,c˜k+1,...,c˜r
∑
v∈Fℓ×nq
χ(〈c˜k,v〉)
∏
a∈Fℓ×rq
xna(c˜1,...,c˜k−1,v,c˜k+1,...,c˜r)a
=
∑
c˜1,...,c˜k−1,c˜k,c˜k+1,...,c˜r
∑
v∈Fℓ×nq
χ(µ1(c˜k) · µ1(v) + · · ·+ µℓ(c˜k) · µℓ(v))
∏
a∈Fℓ×rq
xna(c˜1,...,c˜k−1,v,c˜k+1,...,c˜r)a
=
∑
c˜1,...,c˜k−1,c˜k,c˜k+1,...,c˜r
∑
v1,...,vn∈Fℓq
χ(ck1 · v1 + · · ·+ ckn · vn)
∏
1≤i≤n
xc1i...c(k−1)ivic(k+1)i...cri
=
∑
c˜1,...,c˜k−1,c˜k,c˜k+1,...,c˜r
∏
1≤i≤n

∑
vi∈Fℓq
χ(cki · vi)xc1i...c(k−1)ivic(k+1)i...cri


=
∑
c˜1,...,c˜k−1,c˜k,c˜k+1,...,c˜r
∏
a=(a1,...,ak,...,ar)∈F
ℓ×r
q
∑
v∈Fℓq
χ(ak · v)xa1...ak−1vak+1...ar

na(c˜1,...,c˜k,...,c˜r)
= JΠℓ1,...,Πℓk,...,Πℓr
∑
v∈Fℓq
χ(ak · v)xa1...ak−1vak+1...ar with (a1, . . . , ak, . . . , ar) ∈ F
ℓ×r
q


= (I⊗ℓ ⊗ · · · ⊗ I⊗ℓ ⊗ T⊗ℓ ⊗ I⊗ℓ ⊗ · · · ⊗ I⊗ℓ)JΠℓ1,...,Πℓk,...,Πℓr(xa)
= RHS.
Hence the proof is completed. 
4. r-fold Complete Joint Cycle Index
Let G1, G2, . . . , Gr be r permutation groups on a set Ω, where |Ω| =
n. Again let GG1,...,Gr := G1 × · · · × Gr be the direct product of
G1, G2, . . . , Gr. For any element (g1, g2, . . . , gr) ∈ GG1,...,Gr , where gk ∈
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Gk for k ∈ {1, 2, . . . , r}, we can decompose each permutation gk into a
product of disjoint cycles. Let c(gk, i) be the number of i-cycles occur-
ring by the action of gk. Now the r-fold complete joint cycle index of
G1, G2, . . . , Gr is the polynomial
ZG1,...,Gr(s((g1, . . . , gr), i))
:= Z(GG1,...,Gr ; s((g1, . . . , gr), i) : (g1, . . . , gr) ∈ GG1,...,Gr , i ∈ N)
in indeterminates s((g1, . . . , gr), i), where (g1, . . . , gr) ∈ GG1,...,Gr and
i ∈ N, given by
ZG1,...,Gr(s((g1, . . . , gr), i))
:=
∑
(g1,...,gr)∈GG1,...,Gr
∏
i∈N
s((g1, . . . , gr), i)
c(g1···gr,i).
where g1 · · · gr denotes the product of permutations g1, . . . , gr which acts
on Ω as (g1 · · · gr)(α) = gr(· · · g1(α) · · · ) for any α ∈ Ω. If G1 = · · · =
Gr = G (say), then we call Z(GG,...,G; s((g1, . . . , gr), i) : (g1, . . . , gr) ∈
GG,...,G, i ∈ N) the r-fold complete multi-joint cycle index of G.
Definition 4.1. We construct from Πℓ a permutation group G(Πℓ).
The group we construct is the additive group of Πℓ. We let it act on
the set {1, . . . , n} × Fℓq in the following way: (c1, . . . , cn) acts as the
permutation 
i,


x1
x2
...
xℓ



 7→

i,


x1 + a1i
x2 + a2i
...
xℓ + aℓi




of the set {1, . . . , n} × Fℓq. Now let G1(Π
ℓ
1), . . . , Gr(Π
ℓ
r) be r permuta-
tion groups. We define the product of r permutations (c11, . . . , c1n) ∈
Πℓ1, . . . , (cr1, . . . , crn) ∈ Π
ℓ
r as follows:
i,


x1
x2
...
xℓ



 7→

i,


x1 +
∑r
k=1 a
(k)
1i
x2 +
∑r
k=1 a
(k)
2i
...
xℓ +
∑r
k=1 a
(k)
ℓi




of a set {1, . . . , n} × Fℓq. Let GΠℓ1,...,Πℓr := G1(Π
ℓ
1) × · · · × Gr(Π
ℓ
r). We
call the r-fold complete joint cycle index
ZΠℓ1,...,Πℓr(s((g1, . . . , gr), i))
:= Z(GΠℓ1,...,Πℓr ; s((g1, . . . , gr), i) : (g1, . . . , gr) ∈ GΠℓ1,...,Πℓr , i ∈ N)
the r-fold complete joint cycle index for Πℓ1, . . . ,Π
ℓ
r.
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Remark 4.1. Let Πℓ1 = · · · = Π
ℓ
r = Π
ℓ, where
Πℓ := C1 × · · · × Cℓ,
for the Fq-linear codes C1, . . . , Cℓ of length n. Then we call
Z(GΠℓ,...,Πℓ; s((g1, . . . , gr), i) : (g1, . . . , gr) ∈ GΠℓ,...,Πℓ, i ∈ N)
the r-fold complete multi-joint cycle index for Πℓ.
Again let C1 = · · · = Cℓ = C, for some Fq-linear code C of length n.
Then we denote Πℓ by Cℓ, that is,
Cℓ := C × · · · × C︸ ︷︷ ︸
ℓ
.
We call Z(GCℓ,...,Cℓ ; s((g1, . . . , gr), i) : (g1, . . . , gr) ∈ GCℓ,...,Cℓ, i ∈ N) the
r-fold complete multi-joint cycle index for Cℓ. Note that if r = 1, the r-
fold complete multi-joint cycle index for Cℓ coincide with the complete
cycle index of genus ℓ for code C (Definition 1.1).
We now give an example.
Example 4.1. Let
C :=
{(
0
0
)
,
(
0
1
)
,
(
1
0
)
,
(
1
1
)}
, D :=
{(
0
0
)
,
(
1
1
)}
.
Now let
Π21 := C ×D
=
{(
0 0
0 0
)
,
(
0 0
1 1
)
,
(
0 1
0 0
)
,
(
0 1
1 1
)
,
(
1 0
0 0
)
,
(
1 0
1 1
)
,(
1 1
0 0
)
,
(
1 1
1 1
)}
, and
Π22 := D ×D
=
{(
0 0
0 0
)
,
(
0 0
1 1
)
,
(
1 1
0 0
)
,
(
1 1
1 1
)}
.
Then the (2, 2)-fold complete joint weight enumerator of Π21 and Π
2
2 is
x200
00
+ x200
01
+ x201
00
+ x201
01
+ x200
10
+ x200
11
+ x201
10
+ x201
11
+
x00
00
x10
00
+ x00
01
x10
01
+ x01
00
x11
00
+ x01
01
x11
01
+ x00
10
x10
10
+ x00
11
x10
11
+ x01
10
x11
10
+ x01
11
x11
11
+
x10
00
x00
00
+ x10
01
x00
01
+ x11
00
x01
00
+ x11
01
x01
01
+ x10
10
x00
10
+ x10
11
x00
11
+ x11
10
x01
10
+ x11
11
x01
11
+
x210
00
+ x210
01
+ x211
00
+ x211
01
+ x210
10
+ x210
11
+ x211
10
+ x211
11
.
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Let G(Π21) and H(Π
2
2) are the permutation groups on {1, 2}×F
2
2. Then
ZΠ21,Π22(s((g, h), i))
= s
(((
0 0
0 0
)
,
(
0 0
0 0
))
, 1
)4
s
(((
0 0
0 0
)
,
(
0 0
0 0
))
, 1
)4
+ s
(((
0 0
0 0
)
,
(
0 0
1 1
))
, 2
)2
s
(((
0 0
0 0
)
,
(
0 0
1 1
))
, 2
)2
+ s
(((
0 0
0 0
)
,
(
1 1
0 0
))
, 2
)2
s
(((
0 0
0 0
)
,
(
1 1
0 0
))
, 2
)2
+ s
(((
0 0
0 0
)
,
(
1 1
1 1
))
, 2
)2
s
(((
0 0
0 0
)
,
(
1 1
1 1
))
, 2
)2
+ s
(((
0 0
1 1
)
,
(
0 0
0 0
))
, 2
)2
s
(((
0 0
1 1
)
,
(
0 0
0 0
))
, 2
)2
+ s
(((
0 0
1 1
)
,
(
0 0
1 1
))
, 1
)4
s
(((
0 0
1 1
)
,
(
0 0
1 1
))
, 1
)4
+ s
(((
0 0
1 1
)
,
(
1 1
0 0
))
, 2
)2
s
(((
0 0
1 1
)
,
(
1 1
0 0
))
, 2
)2
+ s
(((
0 0
1 1
)
,
(
1 1
1 1
))
, 2
)2
s
(((
0 0
1 1
)
,
(
1 1
1 1
))
, 2
)2
+ s
(((
0 1
0 0
)
,
(
0 0
0 0
))
, 1
)4
s
(((
0 1
0 0
)
,
(
0 0
0 0
))
, 2
)2
+ s
(((
0 1
0 0
)
,
(
0 0
1 1
))
, 2
)2
s
(((
0 1
0 0
)
,
(
0 0
1 1
))
, 2
)2
+ s
(((
0 1
0 0
)
,
(
1 1
0 0
))
, 2
)2
s
(((
0 1
0 0
)
,
(
1 1
0 0
))
, 1
)4
+ s
(((
0 1
0 0
)
,
(
1 1
1 1
))
, 2
)2
s
(((
0 1
0 0
)
,
(
1 1
1 1
))
, 2
)2
+ s
(((
0 1
1 1
)
,
(
0 0
0 0
))
, 2
)2
s
(((
0 1
1 1
)
,
(
0 0
0 0
))
, 2
)2
+ s
(((
0 1
1 1
)
,
(
0 0
1 1
))
, 1
)4
s
(((
0 1
1 1
)
,
(
0 0
1 1
))
, 2
)2
+ s
(((
0 1
1 1
)
,
(
1 1
0 0
))
, 2
)2
s
(((
0 1
1 1
)
,
(
1 1
0 0
))
, 2
)2
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+ s
(((
0 1
1 1
)
,
(
1 1
1 1
))
, 2
)2
s
(((
0 1
1 1
)
,
(
1 1
1 1
))
, 1
)4
+ s
(((
1 0
0 0
)
,
(
0 0
0 0
))
, 2
)2
s
(((
1 0
0 0
)
,
(
0 0
0 0
))
, 1
)4
+ s
(((
1 0
0 0
)
,
(
0 0
1 1
))
, 2
)2
s
(((
1 0
0 0
)
,
(
0 0
1 1
))
, 2
)2
+ s
(((
1 0
0 0
)
,
(
1 1
0 0
))
, 1
)4
s
(((
1 0
0 0
)
,
(
1 1
0 0
))
, 2
)2
+ s
(((
1 0
0 0
)
,
(
1 1
1 1
))
, 2
)2
s
(((
1 0
0 0
)
,
(
1 1
1 1
))
, 2
)2
+ s
(((
1 0
1 1
)
,
(
0 0
0 0
))
, 2
)2
s
(((
1 0
1 1
)
,
(
0 0
0 0
))
, 2
)2
+ s
(((
1 0
1 1
)
,
(
0 0
1 1
))
, 2
)2
s
(((
1 0
1 1
)
,
(
0 0
1 1
))
, 1
)4
+ s
(((
1 0
1 1
)
,
(
1 1
0 0
))
, 2
)2
s
(((
1 0
1 1
)
,
(
1 1
0 0
))
, 2
)2
+ s
(((
1 0
1 1
)
,
(
1 1
1 1
))
, 1
)4
s
(((
1 0
1 1
)
,
(
1 1
1 1
))
, 2
)2
+ s
(((
1 1
0 0
)
,
(
0 0
0 0
))
, 2
)2
s
(((
1 1
0 0
)
,
(
0 0
0 0
))
, 2
)2
+ s
(((
1 1
0 0
)
,
(
0 0
1 1
))
, 2
)2
s
(((
1 1
0 0
)
,
(
0 0
1 1
))
, 2
)2
+ s
(((
1 1
0 0
)
,
(
1 1
0 0
))
, 1
)4
s
(((
1 1
0 0
)
,
(
1 1
0 0
))
, 1
)4
+ s
(((
1 1
0 0
)
,
(
1 1
1 1
))
, 2
)2
s
(((
1 1
0 0
)
,
(
1 1
1 1
))
, 2
)2
+ s
(((
1 1
1 1
)
,
(
0 0
0 0
))
, 2
)2
s
(((
1 1
1 1
)
,
(
0 0
0 0
))
, 2
)2
+ s
(((
1 1
1 1
)
,
(
0 0
1 1
))
, 2
)2
s
(((
1 1
1 1
)
,
(
0 0
1 1
))
, 2
)2
+ s
(((
1 1
1 1
)
,
(
1 1
0 0
))
, 2
)2
s
(((
1 1
1 1
)
,
(
1 1
0 0
))
, 2
)2
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+ s
(((
1 1
1 1
)
,
(
1 1
1 1
))
, 1
)4
s
(((
1 1
1 1
)
,
(
1 1
1 1
))
, 1
)4
Now we give the main result of this paper, which is a generalization
of Theorem 2.1.
Theorem 4.1 (Main Theorem). For k ∈ {1, . . . , r} and j ∈ {1, . . . , ℓ},
let Ckj be an Fq-linear code of length n, where q is a power of the
prime number p. Again let Πℓk be the ℓ-fold joint code of Ck1, . . . , Ckℓ.
Let JΠℓ1,...,Πℓr(xa : a ∈ F
ℓ×r
q ) be the (ℓ, r)-fold complete joint weight
enumerator of Πℓ1, . . . ,Π
ℓ
r, and
Z(GΠℓ1,...,Πℓr ; s((g1, . . . , gr), i) : (g1, . . . , gr) ∈ GΠℓ1,...,Πℓr , i ∈ N)
be the r-fold complete joint cycle index for Πℓ1, . . . ,Π
ℓ
r.
Let T be a map defined as follows: for each g1 = (c11, . . . , c1n) ∈
Πℓ1, . . . , gr = (cr1, . . . , crn) ∈ Π
ℓ
r, and for i ∈ {1, . . . , n},
if
∑r
k=1 cki = 0, then
s((g1, . . . , gr), 1) 7→ x
1/qℓ
c1i...cri
;
if
∑r
k=1 cki 6= 0, then
s((g1, . . . , gr), p) 7→ x
p/qℓ
c1i...cri
.
Then we have
JΠℓ1,...,Πℓr(xa : a ∈ F
ℓ×r
q ) =
T (Z(GΠℓ1,...,Πℓr ; s((g1, . . . , gr), i) : (g1, . . . , gr) ∈ GΠℓ1,...,Πℓr , i ∈ N)).
Proof. Let gk = (ck1, . . . , ckn) ∈ Π
ℓ
k for k ∈ {1, . . . , r}, and
wt(ℓ,r)(g1, . . . , gr) = ♯{i |
r∑
k=1
cki 6= 0}.
If
∑r
k=1 cki = 0, then the q
ℓ points of the form (i,x) ∈ {1, . . . , n} × Fℓq
are all fixed by this element; if
∑r
k=1 cki 6= 0, they are permuted in q
ℓ/p
cycles of length p. Thus, gk = (ck1, . . . , ckn) ∈ Π
ℓ
k for k ∈ {1, . . . , r}
contribute
s((g1, . . . , gr), 1)
qℓ(n−wt(ℓ,r)(g1,...,gr))s((g1, . . . , gr), p)
(qℓ/p)wt(ℓ,r)(g1,...,gr)
to the sum in the formula for the r-fold complete joint cycle index, and
n∏
i=1
xc1i...cri
to the sum in the formula for the (ℓ, r)-fold complete joint weight enu-
merator. The result follows. 
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5. Average Version of Main Theorem
In [8], the notion of the average joint weight enumerators was given.
Further, the notion of the average r-fold complete joint weight enumer-
ators was given in [4]. The notion of the average intersection number of
codes was investigated in [9]. In this section, we give the concept of the
average complete joint cycle index and provide a relation with average
complete joint weight enumerator of codes. We also give an analogy of
the Main Theorem for the average complete joint cycle index. Finally,
we also give the notion of the average intersection number for permu-
tation groups, and establish a connection with the average intersection
number of codes.
5.1. Average of Complete Joint Cycle Index. Let G and G′ be
two permutation groups on Ω, where |Ω| = n. We write G′ ∼= G if G
and G′ are isomorphic as permutation groups.
Definition 5.1. Let G1, . . . , Gr be r permutation groups on a set Ω,
where |Ω| = n. Then the (G1, . . . , Gr)-average r-fold complete joint
cycle index of G1, . . . , Gr is the polynomial
ZavG1,...,Gr(s((g
′
1, . . . , g
′
r), i)) := Z
av(GG′1,...,G′r ; s((g
′
1, . . . , g
′
r), i) :
G′1
∼= G1, . . . , G
′
r
∼= Gr, (g
′
1, . . . , g
′
r) ∈ GG′1,...,G′r , i ∈ N),
in indeterminates s((g′, . . . , g′r), i) where g
′
1 ∈ G
′
1, . . . , g
′
r ∈ G
′
r, and
i ∈ N defined by
ZavG1,...,Gr(s((g
′
1, . . . , g
′
r), i))
:=
1∏r
k=1N∼=(Gk)
∑
G′1
∼=G1
· · ·
∑
G′r∼=Gr
ZG′1,...,Gr(s((g
′
1, . . . , g
′
r), i)),
where N∼=(Gk) := ♯{G
′
k | G
′
k
∼= Gk}.
In this paper we only consider the case G1-average complete joint cy-
cle index. The study of the cases (G1, . . . , Gr)-average complete joint
cycle indices will be discussed in some sequel papers. Now the G1-
average r-fold complete joint cycle index of G1, . . . , Gr is the polyno-
mial
ZavG1,...,Gr(s((g
′
1, . . . , gr), i)) := Z
av(GG′1,...,Gr ; s((g
′
1, . . . , gr), i) :
G′1
∼= G1, (g
′
1, . . . , gr) ∈ GG′1,...,Gr , i ∈ N),
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in indeterminates s((g′, . . . , gr), i) where g
′
1 ∈ G
′
1, g2 ∈ G2, . . . , gr ∈ Gr,
and i ∈ N defined by
ZavG1,...,Gr(s((g
′
1, . . . , gr), i)) :=
1
N∼=(G1)
∑
G′1
∼=G1
ZG′1,...,Gr(s((g
′
1, . . . , gr), i)),
where N∼=(G1) := ♯{G
′
1 | G
′
1
∼= G1}.
Example 5.1. Let S3 be the symmetric group on {1, 2, 3}. Again
let G1 and G2 be two subgroup of S3 such that G1 = 〈(1, 2)〉 and
G2 = 〈(1, 3, 2)〉. Then the subgroups of S3 that are isomorphic as per-
mutation group to G1 are 〈(1, 2)〉, 〈(1, 3)〉, 〈(2, 3)〉. That is N∼=(G1) = 3.
Therefore
ZavG1,G2(s((g
′
1, g2), i))
=
1
3
(Z〈(1,2)〉,G2(s((g
′
1, g2), i)) + Z〈(1,3)〉,G2(s((g
′
1, g2), i))
+ Z〈(2,3)〉,G2(s((g
′
1, g2), i)))
=
1
3
(s(((1), (1)), 1)3 + s(((1), (1, 2, 3)), 3)1 + s(((1), (1, 3, 2)), 3)1
+ s(((1, 2), (1)), 1)1s(((1, 2), (1)), 2)1
+ s(((1, 2), (1, 2, 3)), 1)1s(((1, 2), (1, 2, 3)), 2)1
+ s(((1, 2), (1, 3, 2)), 1)1s(((1, 2), (1, 3, 2)), 2)1
+ s(((1), (1)), 1)3 + s(((1), (1, 2, 3)), 3)1 + s(((1), (1, 3, 2)), 3)1
+ s(((1, 3), (1)), 1)1s(((1, 3), (1)), 2)1
+ s(((1, 3), (1, 2, 3)), 1)1s(((1, 3), (1, 2, 3)), 2)1
+ s(((1, 2), (1, 3, 2)), 1)1s(((1, 2), (1, 3, 2)), 2)1
+ s(((1), (1)), 1)3 + s(((1), (1, 2, 3)), 3)1 + s(((1), (1, 3, 2)), 3)1
+ s(((2, 3), (1)), 1)1s(((2, 3), (1)), 2)1
+ s(((2, 3), (1, 2, 3)), 1)1s(((2, 3), (1, 2, 3)), 2)1
+ s(((2, 3), (1, 3, 2)), 1)1s(((2, 3), (1, 3, 2)), 2)1)
Definition 5.2. We write Sn for the symmetric group acting on the
set {1, 2, . . . , n}. Let C be any linear code of length n over Fq, and u =
(u1, . . . , un) ∈ C. Then σ(u) := (uσ(1), . . . , uσ(n)) for a permutation σ ∈
Sn. Now the code C
′ := σ(C) := {σ(u) | u ∈ C} for σ ∈ Sn is called
permutationally equivalent to C, and denoted by C∼C ′. Then the
average r-fold complete joint weight enumerator of codes C1, . . . , Cr
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over Fq are defined in [4] as:
J avC1,...,Cr(xa : a ∈ F
r
q) :=
1
|C ′1|
∑
C′1∼C1
JC′1,C2,...,Cr(xa : a ∈ F
r
q).
We call the G1-average r-fold complete joint cycle index
ZavC1,...,Cr(s((g
′
1, g2, . . . , gr), i)) := Z
av(GC′1,C2,...,Cr ;
s((g′1, g2, . . . , gr), i) : C
′
1 ∼ C1, (g
′
1, g2, . . . , gr) ∈ GC′1,C2,...,Cr , i ∈ N)
the G1-average r-fold complete joint cycle index for codes C1, . . . , Cr.
The following theorem gives a connection between the G1-average
of r-fold complete joint cycle index and the average of r-fold complete
joint weight enumerator.
Theorem 5.1. Let C1, . . . , Cr be the linear codes of length n over Fq,
where q is a power of the prime number p. Let J avC1,...,Cr(xa : a ∈ F
r
q) be
the average r-fold complete joint weight enumerator and
Zav(GC′1,C2,...,Cr ; s((g
′
1, g2, . . . , gr), i) : C
′
1 ∼ C1, (g
′
1, g2, . . . , gr) ∈
GC′1,C2,...,Cr , i ∈ N)
be the G1-average complete joint cycle index for C1, . . . , Cr.
Let T be a map defined as follows: for σ ∈ Sn, and g1 = (u11, . . . , u1n) ∈
C1, g2 = (u21, . . . , u2n) ∈ C2, . . . , gr = (ur1, . . . , urn) ∈ Cr, and for
i ∈ {1, . . . , n}, if u1σ(i) + u2i + · · ·+ uri = 0, then
s((g′1, g2, . . . , gr), 1) 7→ x
1/q
u1σ(i)u2i...uri
;
if u1σ(i) + u2i + · · ·+ uri 6= 0, then
s((g′1, g2, . . . , gr), p) 7→ x
p/q
u1σ(i)u2i...uri
.
Then we have
J avC1,...,Cr(xa : a ∈ F
r
q) = T (Z
av(GC′1,C2,...,Cr ; s((g
′
1, g2, . . . , gr), i) :
C ′1 ∼ C1, (g
′
1, g2, . . . , gr) ∈ GC′1,C2,...,Cr , i ∈ N)).
Proof. Let gk = (uk1, . . . , ukn) ∈ Ck for k ∈ {1, . . . , r}. Then for
σ ∈ Sn, g
′
k = (ukσ(1), . . . , ukσ(n)). Again let
wt(g′1, g2, . . . , gr) = ♯{i | u1σ(i) + u2i + · · ·+ uri 6= 0}.
If u1σ(i) + u2i + · · · + uri = 0, then the q points of the form (i, x) ∈
{1, . . . , n} × Fq are all fixed by these elements; if u1σ(i) + u2i + · · · +
uri 6= 0, they are permuted in q/p cycles of length p, Thus, gk =
(uk1, . . . , ukn) ∈ Ck for k ∈ {1, . . . , r} with σ ∈ Sn contribute
s((g′1, g2, . . . , gr), 1)
q(n−wt(g′1,g2,...,gr))s((g′1, g2, . . . , gr), p)
(q/p)wt(g′1,g2,...,gr)
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to the sum in the formula for the G1-average complete joint cycle index
of C1, . . . , Cr, and
n∏
i=1
xu1σ(i)u2i···uri
to the sum in the formula for the average r-fold complete joint weight
enumerator. The result follows. 
Definition 5.3. For Sℓn := Sn × · · · × Sn︸ ︷︷ ︸
ℓ
, we define the semidirect
product of Sℓ and S
ℓ
n as
Sℓ ⋊ S
ℓ
n := {ι := (π; σ1, . . . , σℓ) | π ∈ Sℓ and σ1, . . . , σℓ ∈ Sn}.
We recall the ℓ-fold joint code, Πℓ and for c˜ = (c1, . . . , cn) ∈ Π
ℓ, the
group Sℓ ⋊ S
ℓ
n acts on Π
ℓ as
ι(c˜) := (ι(c1), . . . , ι(cn)) :=


aπ(1)σ1(1) . . . aπ(1)σ1(n)
aπ(2)σ2(1) . . . aπ(2)σ2(n)
... · · ·
...
aπ(ℓ)σℓ(1) . . . aπ(ℓ)σℓ(n)

 ,
where ι(ci) :=
t(aπ(1)σ1(i), . . . , aπ(ℓ)σℓ(i)) ∈ F
ℓ
q. Then we call Π
ℓ′ :=
ι(Πℓ) := {ι(c˜) | c˜ ∈ Πℓ} an equivalent ℓ-fold joint code to Πℓ, and
denoted by Πℓ
′
∼ Πℓ. Now the average (ℓ, r)-fold complete joint weight
enumerator of Πℓ1, . . . ,Π
ℓ
r is defined by
J avΠℓ1,Πℓ2,...,Πℓr
(xa : a ∈ F
ℓ×r
q ) :=
1
|Πℓ1
′
|
∑
Πℓ1
′
∼Πℓ1
JΠℓ1
′
,Πℓ2,...,Π
ℓ
r
(xa).
Now by Theorem 3.2, we have the generalized MacWilliams identity
for the average (ℓ, r)-fold complete joint weight enumerator as follows:
J av
Πˆℓ1,...,Πˆ
ℓ
r
(xa with a ∈ F
ℓ×r
q ) =
1
|Πℓ1|
δ(Πℓ1,Πˆ
ℓ
1) · · · |Πℓr|
δ(Πℓr ,Πˆ
ℓ
r)
T δ(Π
ℓ
1,Πˆ
ℓ
1) ⊗ · · · ⊗ T δ(Π
ℓ
r ,Πˆ
ℓ
r)J avΠℓ1,...,Πℓr
(xa).
We call the G1-average r-fold complete joint cycle index
ZavΠℓ1,...,Πℓr
(s((g′1, g2, . . . , gr), i)) := Z
av(GΠℓ1
′
,Πℓ2,...,Π
ℓ
r
;
s((g′1, g2, . . . , gr), i) : Π
ℓ
1
′
∼ Πℓ1, (g
′
1, g2, . . . , gr) ∈ GΠℓ1
′
,Πℓ2,...,Π
ℓ
r
, i ∈ N)
the G1-average r-fold complete joint cycle index for ℓ-fold joint codes
Πℓ1, . . . ,Π
ℓ
r.
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In the following theorem, we give a relationship between the average
(ℓ, r)-fold complete joint weigh enumerator and the G1-average r-fold
complete joint cycle index for ℓ-fold joint codes as a generalization of
Theorem 5.1.
Theorem 5.2. For k ∈ {1, . . . , r} and j ∈ {1, . . . , ℓ}, let Ckj be an Fq-
linear code of length n, where q is a power of the number p. Again let
Πℓk be an ℓ-fold joint code of Ck1, . . . , Ckℓ. Let J
av
Πℓ1,...,Π
ℓ
r
(xa : a ∈ F
ℓ×r
q ) be
the average (ℓ, r)-fold complete joint weight enumerator of Πℓ1, . . . ,Π
ℓ
r,
and
Zav(GιΠℓ1,...,Πℓr ; s((g
′
1, . . . , gr), i) : Π
ℓ
1
′
∼ Πℓ1, (g
′
1, . . . , gr) ∈ GΠℓ1
′
,...,Πℓr
,
i ∈ N)
be the G1-average r-fold complete joint cycle index for Π
ℓ
1, . . . ,Π
ℓ
r.
Let T be a map defined as follows: for ι = (π; σ1, . . . , σℓ) ∈ Sℓ ⋊ S
ℓ
n,
and g1 = (c11, . . . , c1n) ∈ Π
ℓ
1, . . . , gr = (cr1, . . . , crn) ∈ Π
ℓ
r, and for
i ∈ {1, . . . , n}, if ι(c1i) + c2i + · · ·+ cri = 0, then
s((g′1, . . . , gr), 1) 7→ x
1/qℓ
ι(c1i)c2i...cri
;
if ι(c1i) + c2i + · · ·+ cri 6= 0, then
s((g′1, . . . , gr), p) 7→ x
p/qℓ
ι(c1i)c2i...cri
.
Then we have
J avΠℓ1,...,Πℓr
(xa : a ∈ F
ℓ×r
q ) = T (Z
av(GΠℓ1
′
,...,Πℓr
; s((g′1, . . . , gr), i) :
Πℓ1
′
∼ Πℓ1, (g
′
1, . . . , gr) ∈ GΠℓ1
′
,...,Πℓr
, i ∈ N)).
Proof. Let gk = (ck1, . . . , ckn) ∈ Π
ℓ
k for k ∈ {1, . . . , r}. Then for ι ∈
Sℓ ⋊ S
ℓ
n, g
′
k = (ι(ck1), . . . , ι(ckn)). Again let
wt(ℓ,r)(g′1, . . . , gr) = ♯{i | ι(c1i) + c2i + · · ·+ cri 6= 0}.
If ι(c1i) + c2i + · · · + cri = 0, then the q
ℓ points of the form (i,x) ∈
{1, . . . , n} × Fℓq are all fixed by this element; if ι(c1i) + c2i + · · · +
cri 6= 0, they are permuted in q
ℓ/p cycles of length p. Thus, gk =
(ck1, . . . , ckn) ∈ Π
ℓ
k for k ∈ {1, . . . , r} with ι ∈ Sℓ ⋊ S
ℓ
n, contribute
s((g′1, . . . , gr), 1)
qℓ(n−wt(ℓ,r)(g′1,...,gr))s((g′1, . . . , gr), p)
(qℓ/p)wt(ℓ,r)(g′1,...,gr)
to the sum in the formula for the G1-average complete joint cycle index
of Πℓ1, . . . ,Π
ℓ
r, and
n∏
i=1
xι(c1i)c2i···cri
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to the sum in the formula for the average (ℓ, r)-fold complete joint
weight enumerator. The result follows. 
5.2. Average Intersection Number. Let C and D be two linear
codes of length n over Fq. The notion of the average intersection num-
ber of C and D was defined in [9] as follows:
∆(C,D) :=
1
|C ′|
∑
C′∼C
|C ′ ∩D|.
We now give the concept of the average intersection number of two
permutation groups.
Definition 5.4. Let G and H be two permutation groups on a set Ω,
where |Ω| = n. The average intersection number of G and H is defined
as
I
av(G,H) :=
1
N∼=(G)
∑
G′∼=G
|G′ ∩H|.
Example 5.2. From Example 5.1, we have Iav(G1, G2) = 1.
Now we recall Definition 2.1, and construct from C and D two per-
mutation groups G(C) and H(D). Then for C ′ ∼ C, we have G′(C ′) ∼=
G(C). We call the average intersection number Iav(G(C), H(D)) the
average intersection number for codes C and D.
We enclose the section with the following result. Since the proof of
the following theorem is straightforward, we omit the detail.
Theorem 5.3. Let C and D be two codes of length n over Fq. Again
let G(C) and H(D) be two permutation groups constructed from C and
D respectively. Then Iav(G(C), H(D)) = ∆(C,D).
6. Zk-code Analogue of Main Result
In [1], the authors introduced the concept of Zk-linear codes. In this
section, we give a Zk-linear code analogue of Theorem 4.1.
Let Zk be the ring of integers modulo k, where k is a positive integer.
In this paper, we always assume that k ≥ 2 and we take the set Zk to
be {0, 1, . . . , k− 1}. A Zk-linear code C of length n is a Zk-submodule
of Znk . The inner product of two elements u,v ∈ Z
n
k is defined as:
u · v := u1v1 + u2v2 + · · ·+ unvn (mod k),
where u = (u1, u2, . . . , un) and v = (v1, v2, . . . , vn).
We denote, Πℓ := C1 × · · · × Cℓ, where C1, . . . , Cℓ are the Zk-linear
codes of length n. We call Πℓ as ℓ-fold joint code of C1, . . . , Cℓ. We
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denote an element of Πℓ by
c˜ := (c1, . . . , cn) :=


a11 . . . a1n
a21 . . . a2n
... · · ·
...
aℓ1 . . . aℓn

 ,
where ci :=
t(a1i, . . . , aℓi) ∈ Z
ℓ
k and µj(c˜) := (aj1, . . . , ajn) ∈ Cj.
Now let Πℓ1, . . . ,Π
ℓ
r be the ℓ-fold joint codes (not necessarily the
same) over Zk. For ν ∈ {1, . . . , r}, we denote, Π
ℓ
ν := Cν1 × · · · × Cνℓ,
where Cν1, . . . , Cνℓ be the linear codes of length n over Zk. An element
of Πℓν is denoted by
c˜ν := (cν1, . . . , cνn) :=


a
(ν)
11 . . . a
(ν)
1n
a
(ν)
21 . . . a
(ν)
2n
... · · ·
...
a
(ν)
ℓ1 . . . a
(ν)
ℓn

 ,
where cνi :=
t(a
(ν)
1i , . . . , a
(ν)
ℓi ) ∈ Z
ℓ
k. and µj(c˜ν) := (a
(ν)
j1 , . . . , a
(ν)
jn ) ∈ Cνj.
Then the (ℓ, r)-fold complete joint weight enumerator of Πℓ1, . . . ,Π
ℓ
r is
defined as follows:
JΠℓ1,...,Πℓr(xa : a ∈ Z
ℓ×r
k ) :=
∑
c˜1∈Πℓ1,...,c˜r∈Π
ℓ
r
∏
xna(c˜1,...,c˜r)a ,
where na(c˜1, . . . , c˜r) denotes the number of i such that a = (c1i, . . . , cri).
We have the MacWilliams identity for the complete weight enumer-
ator of a Zk-linear code C as follows.
Theorem 6.1 ([1]). Let C be a linear code of length n over Zk, and
CC(xa : a ∈ Zk) be the complete weight enumerator of C. Again let ηk
be the kth primitive root of unity. Then we have
CC⊥(xa with a ∈ Zk) =
1
|C|
T · CC(xa),
where T =
(
ηabk
)
a,b∈Zk
.
We adopt the following notation for simplicity,
Πℓ
⊥
:= C⊥1 × · · · × C
⊥
ℓ and |Π
ℓ| := |C1| × · · · × |Cℓ|.
Now we give the Zk-linear code version of Theorem 3.2. The proof is
similar to that of Theorem 3.2. Therefore, we omit to give the detail.
22 CHAKRABORTY, MIEZAKI, AND OURA
Theorem 6.2. The MacWilliams identity for the (ℓ, r)-fold complete
joint weight enumerator of ℓ-fold joint codes Πℓ1, . . . ,Π
ℓ
r over Zk is given
by
JΠˆℓ1,...,Πˆℓr
(xa with a ∈ Z
ℓ×r
k ) =
1
|Πℓ1|
δ(Πℓ1,Πˆ
ℓ
1) · · · |Πℓr|
δ(Πℓr ,Πˆ
ℓ
r)(
T δ(Π
ℓ
1,Πˆ
ℓ
1)
)⊗ℓ
⊗ · · · ⊗
(
T δ(Π
ℓ
r ,Πˆ
ℓ
r)
)⊗ℓ
JΠℓ1,...,Πℓr(xa),
where
δ(Πℓ, Πˆℓ) :=
{
0 if Πˆℓ = Πℓ,
1 if Πˆℓ = Πℓ
⊥
.
Now we construct from Πℓ a permutation group G(Πℓ). The group
we construct is the additive group of Πℓ. We let it act on the set
{1, . . . , n}×Zℓk in the following way: (c1, . . . , cn) acts as the permuta-
tion 
i,


x1
x2
...
xℓ



 7→

i,


x1 + a1i
x2 + a2i
...
xℓ + aℓi




of the set {1, . . . , n} × Zℓk. Now let G1(Π
ℓ
1), . . . , Gr(Π
ℓ
r) be r permuta-
tion groups. We define the product of r permutations (c11, . . . , c1n) ∈
Πℓ1, . . . , (cr1, . . . , crn) ∈ Π
ℓ
r as follows:
i,


x1
x2
...
xℓ



 7→

i,


x1 + β
i
1 (mod k)
x2 + β
i
2 (mod k)
...
xℓ + β
i
ℓ (mod k)




of a set {1, . . . , n} × Zℓk, where β
i
j := a
(1)
ji + · · ·+ a
(r)
ji (mod k).
The following theorem is a Zk-linear code analogue of Theorem 4.1.
Theorem 6.3. For ν ∈ {1, . . . , r} and j ∈ {1, . . . , ℓ}, let Cνj be the Zk-
linear code of length n. Again Πℓν be the ℓ-fold joint code of Cν1, . . . , Cνℓ.
Let JΠℓ1,...,Πℓr(xa : a ∈ Z
ℓ×r
k ) be the (ℓ, r)-fold complete joint weight enu-
merator of Πℓ1, . . . ,Π
ℓ
r, and Z(GΠℓ1,...,Πℓr ; s((g1, . . . , gr), i) : (g1, . . . , gr) ∈
GΠℓ1,...,Πℓr , i ∈ N) be the r-fold complete joint cycle index for Π
ℓ
1, . . . ,Π
ℓ
r.
Let T be a map defined as follows: for each g1 = (c11, . . . , c1n) ∈
Πℓ1, . . . , gr = (cr1, . . . , crn) ∈ Π
ℓ
r, and for i ∈ {1, . . . , n},
if
∑r
ν=1 cνi ≡ 0 (mod k), then
s((g1, . . . , gr), 1) 7→ x
1/kℓ
c1i...cri
;
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if
∑r
ν=1 cνi 6≡ 0 (mod k), then
s((g1, . . . , gr), k/ gcd(β
i
1, . . . , β
i
ℓ, k)) 7→ x
(k/ gcd(βi1,...,β
i
ℓ
,k))/kℓ
c1i...cri .
Then we have
JΠℓ1,...,Πℓr(xa : a ∈ Z
ℓ×r
k ) =
T (Z(GΠℓ1,...,Πℓr ; s((g1, . . . , gr), i) : (g1, . . . , gr) ∈ GΠℓ1,...,Πℓr , i ∈ N)).
Proof. Let gν = (cν1, . . . , cνn) ∈ Π
ℓ
ν for ν ∈ {1, . . . , r}, and
wt(ℓ,r)(g1, . . . , gr) = ♯{i |
r∑
ν=1
cνi 6≡ 0 (mod k)}.
If
∑r
ν=1 cνi ≡ 0 (mod k), then the k
ℓ points of the form (i,x) ∈
{1, . . . , n} ×Zℓk are all fixed by this element; if
∑r
ν=1 cνi 6≡ 0 (mod k),
they are permuted in
kℓ/(k/ gcd(βi1, . . . , β
i
ℓ, k)) cycles of length k/ gcd(β
i
1, . . . , β
i
ℓ, k).
Then the result follows from the argument in the proof of Theorem 4.1.

Acknowledgments
The second named author is supported by JSPS KAKENHI (18K03217).
References
[1] E. Bannai, S.T. Dougherty, M. Harada and M. Oura, Type II codes, even uni-
modular lattices and invariant rings, IEEE Trans. Inform. Theory 45 (1999),
no. 4 1194–1205.
[2] P.J. Cameron, Cycle index, weight enumerator, and Tutte polynomial, Elec-
tron. J. Combin. 9 (2002), no. 1, Note 2.
[3] P.J. Cameron, Polynomial aspects of codes, matroids and permutation groups,
http://www.maths.qmul.ac.uk/∼pjc/csgnotes/cmpgpoly.pdf.
[4] H.S. Chakraborty and T. Miezaki, Average of complete joint weight enumera-
tors and self-dual codes, submitted.
[5] F.J. MacWilliams, C.L. Mallows and J.H. Conway, Generalizations of Glea-
son’s theorem on weight enumerators of self-dual codes, IEEE Trans. Informa-
tion Theory IT-38 (1972), 794-805.
[6] T. Miezaki and M. Oura, On the cycle index and the weight enumerator, Des.
Codes Cryptogr. 87 (2019), no. 6, 1237–1242.
[7] I. Siap and D.K. Ray-Chaudhuri, On r-fold Complete Weight Enumerator of
r Linear Codes, in: Contemp. Math. American Math. Society, 259, (2000),
501513.
[8] T. Yoshida, The average of joint weight enumerators, Hokkaido Math. J. 18
(1989), 217-222.
[9] T. Yoshida, The average intersection number of a pair of self-dual codes,
Hokkaido Math. J. 20 (1991), 539-548.
24 CHAKRABORTY, MIEZAKI, AND OURA
(1) Graduate School of Natural Science and Technology, Kanazawa
University, Ishikawa 920-1192, Japan, (2) Department of Mathemat-
ics, Shahjalal University of Science and Technology, Sylhet-3114,
Bangladesh,
E-mail address : himadri38@gmail.com
Faculty of Education, University of the Ryukyus, Okinawa 903-0213,
Japan,
E-mail address : miezaki@edu.u-ryukyu.ac.jp
Faculty of Mathematics and Physics, Kanazawa University, Ishikawa
920–1192, Japan
E-mail address : oura@se.kanazawa-u.ac.jp
